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A system TL with a Hagedorn-like mass spectrum imparts its unique temperature Tn to any 
other system coupled to it. An TL system radiates particles in preexisting physical and chemical 
equilibrium. These particles form a saturated vapor at temperature Tn- This coexistence describes 
a first order phase transition. An TL system is nearly indifferent to fragmentation into smaller TL 
systems. A lower mass cut-off in the spectrum does not significantly alter the general picture. 

PACS numbers: 25.75.-q,25.75.Dw,25.75.Nq,13.85.-t 
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INTRODUCTION 

A system A with energy E and degeneracy 

p A {E)<xexp(k A E) (1) 
while seemingly having a partition function of the form 



Z(T) = J p A (E)exp(-E/T)dE 



(2) 



for all temperatures T < l/k A in fact admits only one 
temperature T = T A = l/k A and it imparts that tem- 
perature to any system coupled to it. 

The partition function of Eq. implies that an ex- 
ternal thermostat B which, by definition has pb{E) oc 
cxp (— ksE), can impart its temperature Tb = 1/fcs to 
the system A. This is not so, as can be seen by consid- 
ering the generating micro-canonical partition 

P(x) = p A (E - x)pb(x) = cxp (k A [E - x]) exp(k B x) 



exp 



E — x 
T A 



exp 



The most probable partition is given by 



dP(x) 
dx 







1 1 

Ta ~ Tb 



(3) 



(4) 



But this is hardly possible since in general T A ^ Tb'- two 
thermostats can never be at equilibrium unless they are 
at the same temperature. 

This preamble is motivated by the fact that the em- 
pirical hadronic mass spectra (Hagedorn spectra 00]), 
the statistical bootstrap model 0, 0, 0] and the MIT bag 
model |(| have a degeneracy whose leading term is of 
the form of Eq. QJ. It is the aim of this paper to ex- 
plore in a pedagogical manner the implications of such 
a spectrum, making only passing references to the more 
complex physical situations occurring in particle-particle 
and nucleus-nucleus collisions. 

Hagedorn noted that the hadronic mass spectrum 
(level density) has the asymptotic (m — > oo) form 



Pnirn) « exp (m/T H ) 



(5) 



where m is the mass of the hadron in question and T-h 
is the temperature associated with the mass spectrum 
. The question of the mass range over which (JSJ is 
valid is still under discussion 0, |j| . 

The M.I.T. bag model 0] of partonic matter repro- 
duces this behavior via a constant pressure B of a "bag" 
of partonic matter 0, 0] ■ The pressure p inside a bag at 
equilibrium without additional conserved quantities is 



P : 



90 



T% = B. 



(6) 



where g is the number of partonic degrees of freedom. 
The bag constant forces a constant temperature Tb on 
the bag. Similarly, the enthalpy density e of the bag 
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gn 
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B 



(7) 



is constant. Here H is the enthalpy and V is the volume 
of the bag. Thus, an injection of an arbitrary amount of 
energy leads to an isothermal, isobaric expansion of the 
bag and the bag entropy S is proportional to H: 



S 



SQ 
T 



H 



dH 



H 
Tb~ 



(8) 



where SQ is the change in heat of the bag. The bag's 
spectrum (level density) is then p = exp (S) given by 
Eq. © with T B = T n and H = m. 

We show here that a system TL possessing a Hagedorn- 
like spectrum, characterized by an entropy of the form 
, not only has a unique microcanonical temperature 



' 1 dE 



dH 
~dS 



= T E 



(9) 



but also imparts this same temperature to any other sys- 
tem to which TL is coupled. In the language of standard 
thermodynamics: TL is a perfect thermostat. 

The property of a perfect thermostat is well known. 
For instance, it is indifferent to the transfer of any portion 
of its energy to any parcel within itself, no matter how 
small. In other words, it is at the limit of phase stability 
and its internal fluctuations of the energy density are 
maximal. 
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HARMONIC OSCILLATOR COUPLED TO Ti 

In order to demonstrate the thermostatic behavior of 
a Hagedorn system, let us begin by coupling Ti to a one 
dimensional harmonic oscillator and use a microcanon- 
ical treatment. The unnormalized probability P(s) for 
finding excitation energy e in the harmonic oscillator out 
of the system's total energy E is 

P(e) ~ PH (E - e) Posc (e) 
' E — E 



exp 



T H ) = Pn(E)e X p\- — ) ■ (10) 



Recall that for a one dimensional harmonic oscillator p osc 
is a constant. The energy spectrum of the oscillator is 
canonical up to the upper limit e m ax = E with an inverse 
slope (temperature) of Tu independent of E. The mean 
value of the energy of the oscillator is given by 



e = T 



H 



1 



E/Tn 



(11) 



exp(E/T H ) - 1 

Tu, i.e. no temper- 



Thus in the limit that E — -> oo: e 
ature other that Tu is admitted. 



AN IDEAL VAPOR COUPLED TO Ti 

For a more physically relevant example, let us consider 
a vapor of N 3> 1 non-interacting particles of mass m 
coupled to Ti. The microcanonical level density of the 
vapor with kinetic energy s is 



Pvapor (e) 



V 



N 



/me\ ■ 
N) (fiV)! V2W 



(12) 



where V is is the volume. The microcanonical partition 
of the total system is 



Ptotal(E, e) 



Ph(E- 

yN 



e)Pvapor(e) 

/me\i N 



N\ (| AT)! V27t/ 



(13) 



Just as with the harmonic oscillator, the distribution of 
the vapor is exactly canonical up to e max = E, if the 
particles are independently present, or e max = E — mN, 
if the particles are generated by Ti. In cither case, the 
temperature of the vapor is always T-h- 

The maximum of p% t a \{E,e) with respect to e gives 
the most probable kinetic energy per particle as 



dptotai(£,e) 
de 



37V 
~2e 



1 







N 



-Tn, (14) 



§AT W . (For mN < E < 



provided that E > mN 

mN + ^NT-h, the most probable value of the kinetic en- 
ergy per particle is = jj — m < §T^; for E < mN, 



4r = 0. ) Again T-^ is the sole temperature character- 
izing the distribution up to the microcanonical cut-off, 
which may be above or below the maximum of the distri- 
bution since the form of ptota\(E, e) is independent of E. 

The maximum of ptot&i(E, e) with respect to N at fixed 
V is given by 



d\np tota \(E 7 e) m 

= h In 

ON T H 



V_ fmT n Y 
N V 2tt J 



= 0, (15) 



where Eq. (|14|) was used for e. Thus the most probable 
particle density of the vapor is independent of V: 



A" _ frnT H \ 2 _ 
V ~ \ 2ir J 6 



(16) 



Equation l|l()|l demonstrates that not only is 7i a perfect 
thermostat but also a perfect particle reservoir. Particles 
of different mass m will be in chemical equilibrium with 
each other. At equilibrium, particles are emitted from 
Ti. and form a saturated vapor at coexistence with 7i 
at temperature Tn- This describes a first order phase 
transition (hadronic to partonic). Coexistence occurs at 
a single temperature fixed by the bag pressure. 

These results explain the common value of: the 
hadronization temperatures obtained within the statis- 
tical hadronization model 0; the inverse slopes of the 
transverse mass spectra of hadrons observed in high en- 
ergy elementary particle collisions 0, [n| ; and the tran- 
sition temperature from lattice QCD calculations for low 
baryonic density . For further discussion see 0] . 



Ti as a radiant bag 

Let us assume that Ti is a bag thick enough to absorb 
any given particle of the vapor striking it. Then, de- 
tailed balance requires that on average Ti radiates back 
the same particle. Under these conditions particles can 
be considered to be effectively emitted from the surface 
of Ti. Thus the relevant fluxes do not depend in any way 
upon the inner structure of Ti. 

In fact, the results given in equations (|14f> and i|16|) 
show that the saturated vapor concentration depends 
only upon m and T n as long as Ti is present. A decrease 
in the volume V does not increase the vapor concentra- 
tion, but induces a condensation of the corresponding 
amount of energy out of the vapor and into Ti. An in- 
crease in V keeps the vapor concentration constant via 
evaporation of the corresponding amount of energy out of 
Ti and into the vapor. This is reminiscent of liquid- vapor 
equilibrium at fixed temperature, except that here coex- 
istence occurs at a single temperature T-j-c, rather than 
over a range of temperatures as in ordinary fluids. 

The bag wall is Janus faced: one side faces the partonic 
world, and, aside from conserved charges, radiates a par- 
tonic black body radiation responsible for balancing the 



3 



bag pressure; the other side faces the hadronic world and 
radiates a hadronic black body radiation, mostly pions. 
Both sides of the bag wall are at the temperature . It is 
tempting to attribute most, if not all, of the hadronic and 
partonic properties to the wall itself, possibly even the ca- 
pability to enforce conservation laws globally (quantum 
number conductivity). Despite the fact that this wall is 
an insurmountable horizon with hadronic measurements 
such as bag size and total radiance we can infer some 
properties of the partonic world, e.g. the number of de- 
grees of freedom |l0| . 

We can estimate an upper limit for the emission time 
using the outward energy flux of particles radiated from 
the bag. At equilibrium the in-going and out-going fluxes 
must be the same, thus the outward flux of particles in 
the nonrelativistic approximation using Eq. (|16[) is 



Using the technique developed in 0, 0] , one finds the 
energy flux ip g n and momentum flux p ra( j as 
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FIG. 1: Typical behavior of the entire system's temperature T 
and concentration N/V as the function of the system's volume 
V in the absence of restrictions (solid curve) and for a finite 
cut off at mo of the Hagedorn spectrum (dashed curve). 



(m + 2T H ) ifin n , Piad = -^n n T n . (18) 



The pressure p ra d exerted on the bag by its radiation can 
be compared to the intrinsic bag pressure in Eq. for 
pions p ra d ~ 0.025. The time r for the bag to dissolve 
into its own radiation is approximately 



(19) 



37rexp(^j£;, 
g m (m 2 T%)R 2 



where g m is the degeneracy of mass m particles, Rq is the 
initial bag radius and Eq is the initial bag total energy. 

The fluxes written in Eqs. i|17|) and (|18fl (particle or 
energy per unit surface area) are integrated over an as- 
sumed spherical bag to give the result in Eq. (fTT)|) . How- 
ever, because of the lack of surface tension, the bag's 
maximum entropy corresponds to either an elongated 
(cylinder) or a flattened shape (disc). Thus, Eq. ijP9"|) 
should be interpreted as an upper limit. More detailed 
studies of hadron emission from bags concerning hydro- 
dynamic shock waves and freeze out shocks can be found 
elsewhere J3|H|3- 

The decoupling between the vapor concentration and 
m and T-j-c occurs when TL has completely evaporated (i.e. 
when E - Nm - %NT n = 0) at a volume of 



The temperature, however, remains fixed at Tn be- 
cause of conservation of energy and particle number 
above Vd- Solid curves in Fig^show this schematically. 

The discussion above assumes that the Hagedorn spec- 
trum extends down to m = 0. However, experimentally 
there appears to be a lower cut off of the spectrum at 
mo. This modifies the above results as follows. 

For energies E — mN — e » m and V < Vd the above 
results hold as written. However, if we increase the vol- 
ume well beyond Vd at which the Hagedorn spectrum is 
truncated at mo, the situation is slightly different. TL 
evaporates until its mass is mo. If the entire mass of TL 
is fully transformed into vapor particles as the volume 
is increased further, then the excess particles temporar- 
ily increase the concentration and permanently decrease 
the temperature. As the volume increases further, the 
concentration changes inversely proportional to V 

N = n 21 Vd ± ^ 

V V v ' 

while the temperature remains constant at 

nnVd 



T : 



n n Vd - 



-T-, 



H- 



(23) 



Dashed curves in Fig. G] show this schematically. 



V d 



1 



E 



nu m 



(20) 



The disappearance of TL allows the vapor concentration 
to decrease inversely proportionally to V as 



N 
V 



V ' 



(21) 



FRAGMENTATION OF TL 

A question of interest is the stability of TL against frag- 
mentation. If the translational degrees of freedom are 
neglected, TL is indifferent to fragmentation into an arbi- 
trary number of particles of arbitrary mass (within the 
constraints of mass/energy conservation). 
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Let us now consider the case in which the mass of the 
vapor particle m is allowed to be free. The system's 
level density ptotai(E, e) is still given by Eq. (T3J|. Using 
Eqs. (|14|) and one finds the most probable value 

of the system's level density as p% ota i(E, e) ~ exp[5*], 
where the entropy is S* = E/Tn + N. Differentiating 
p* ota i(E, e) with respect to m and applying Eq. I|16[) gives 



dm 



= N 



_3_ 

2m 



1 



m = -T H 



(24) 



i.e. the last equality provides the maximum of level den- 
sity for N 7^ 0. Since all the intrinsic statistical weights in 
Ptotai(E, s) are factored into a single Ti the system breaks 
into fragments with m = §Ih except for one whose mass 
is determined by mass/energy conservation. 

Substituting the most probable value of e and m into 
the most probable value of N one obtains the vapor con- 
centration 



N _ ( 3 
V ~ V47re 



(25) 



The density of the vapor of nonrelativistic particles ac- 
quires the form typical of the ultrarelativistic limit. 

If the value of mass given by Eq. H24|) does not exist, 
then the most probable value of level density pl Qtal (E, e) 
corresponds to the mass m* which is nearest to \Tt-l an d 
N(m*) given by Eq. (|16|l . In terms of hadron spec- 
troscopy the value of m* that maximizes the level density 
Ptotai(E, e) is the pion mass. 

If Ti is required to fragment totally into a number of 
equal fragments all endowed with their translational de- 
grees of freedom, then 



PT 



e T n V 



N 



me 



*n V 



n r 



2tt 
mT H 



1 iN 



2?r 



(26) 



where in the last step we substituted the most probable 
value of the kinetic energy l|14|l and used the Stirling 
formula for (|iV)!. From Eq. (|26|) it is seen that all 
the Hagedorn factors collapse into a single one with the 
m-independent argument E. Maximization of (|26|l with 
respect to m leads to 



d In pr 3N 



= 0. 



(27) 



dm 2m 

which is consistent with N = 1 and m = E, namely a 
single Hagedorn particle with all the available mass. This 
result justifies the assumption of the canonical formula- 
tion of the statistical hadronization model that smaller 
clusters appear from a single large cluster |l7|. 

This again illustrates the indifference of Ti toward frag- 
mentation. Of course Eq. Ijl4|l gives directly the mass 
distribution of the Hagedorn fragments under the two 
conditions discussed above. 



CONCLUSIONS 

A system Ti, with a Hagedorn-like mass spectrum, is a 
perfect thermostat and a perfect particle reservoir. Con- 
sequently, any system coupled to Ti can have only the 
temperature of Ti: Tft. This behavior may explain the 
common value of: the hadronization temperatures ob- 
tained within statistical models; the transition tempera- 
ture from lattice QCD calculations for low baryonic den- 
sity; and the inverse slopes of the transverse mass spec- 
tra of hadrons (temperature) observed in high energy 
elementary particle collisions and high energy nucleus- 
nucleus collisions (for details see ^3). The common tem- 
perature of the experimental spectra may indicatde the 
observed particles originate from an 7i-like system. 

The hadronic side of Ti radiates particles in preexist- 
ing physical and chemical equilibrium just as a black 
body radiates photons in physical and chemical equili- 
birum (compare to Ref. 18]). Particles emitted from TC 
form a saturated vapor that coexists with Ti. This coex- 
istence describes a first order phase transition (hadronic 
to partonic) and occurs at a single temperature fixed by 
the bag pressure. An Ti system is nearly indifferent to 
fragmentation into smaller Ti systems. A lower cut-off in 
the mass spectrum does not alter our results |l3j . 
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